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It is shown that there is no bi-stability in the system of two-dimensional nanoparticles considered 
by P. Vargas et al. in Ref. [1]. 

In the recent Letter [1] the thermodynamics of two-dimensional magnetic nanoparticles in an external magnetic 
field has been considered and equivalent mechanical model was presented. We want to comment on their result that 
the equilibrium magnetization has a maximum at finite temperatures and on their mechanical analogue result. 

We start with the mechanical model which is presented in Fig. 1 of [1]. This model is desribed by the following 
three dimensional Lagrangian function 

C — — (x^ + ij^ + z^) + rnuj {xy — xy) + mgz (1) 

with a constraint 

x^ + ?/ + = i?2 (2) 

where m is the mass of the particle, R is the radius of the ring, g is the gravity acceleration. The second term in 
Eq. (1) represents an inertia contribution due to the rotation of the ring around the z-axis. By using the Legendre 
transformation [2] we get the Hamiltonian of the system in the form 

H = ^{pI+pI+pI) -u; {xpy-yp^) + mgz (3) 

From Eq. (3) we obtain the partition function in the general form 

oo oo 

Z„^ech = N J dp^dpydp^ J dy 4 e-"^'''^ 5 [^/x"^ +y^ + z^ - 

— OO — OO 

where A'^ is a normalization factor, k is the Boltzman constant and the constraint (2) was taken into account. This 
can be written for (3) as 

Z^ech^^nR^N J dO sine exp{-mgR^} (4) 



with 

U^-u'^R^/gsm^e-cosO 

where the angle 6 is measured with respect to the z-axis. This potential function coincides with the potential function 
introduced in [1] but due to the condition that the angle 9 varies only in the interval (0, tt) there is no bistability in 
the system. Another point which is missing in the partition function Z2D presented in [1] is the factor sin^ in the 
Jacobian of the transformation from the cartesian- to the polar co-ordinates. 

Thus we see that the interpretation of the dimensionless energy ( sec Fig. 2 of [1] ) is misleading because it does not 
present a double well potential and therefore there is no bi- stability of the system. This can easily be seen from the 
fact that the two angles for minimum energy belong to two different directions of rotation: the positive angle for the 
anti-clockwise, the negative angle for the clock-wise rotation. With this remarks in mind it should be also obvious 
that there is no bifurcation for a given rotation ( Fig. 3 in [1]). 

When Vargas et al. [1] analyze the thermodynamical properties of magnetic nanoparticles they used the enrgy of 
the single particle in the form 

E = —mH cos 6 — ^mHa sin^ 6 (5) 

where H is an external magnetic field and Ha is the anisotropy field. It is clearly seen that in the absence of 
magnetic field H Eq. (5) gives the energy of an easy-plane magnet : the magnetic moment can freely rotate in the 
plane perpendicular to the z-axis. Note in passing that this is in a complete agreement with the above-considered 
mechanical model when in the no-gravity case the particle may be situated at any point of the circular ring of radius R. 
We would like to remark that the desription of an easy-axes magnet is quite another problem and does not correpond 
to the above mechanical model. 

Exactly the same partition function as given in Eq. (4) ( with appropriate change of variables) can be obtained 
for a magnetic particle which is described by equation (5). The reason for the pronounced discrepancy between their 
partition function and that in Eq. (4) is the following. The authors of [1] overlooked the fact that by calculating the 
partition function one should integrate over the phase space dT = dpdq where p and q are canonically conjugated 
variables (see e.g. [3]). In magnetic systems which are characterized by the classical three dimensional magnetization 
vectors M = (sin cos ^, sin sin </>, cos 0) the z-component of the magnetization, m = cos0, and the azimuthal angle, 
(f), are canonically conjugated variables. Thus the element of the phase space volume is given by dT = sin 9d6 dcj) and 
the partition function for magnetic particles takes the form (4). When one calculates the mean magnetization, (m), 
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and the susceptibility, x, along the field by using the correct partition function of the form 

„ ,T f . ^ ,mH cos6 + mHaSin 6/2. 
Zmagn = 2ttN J dO sinO exp{ (6) 





one obtains dependences shown in Fig.l. 
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FIG. 1. Magnetization in units of //b (left figure) and magnetic susceptibility in units fj,b/kOe (right figure), as a function of 
temperature for the same set of parameters as in Ref [1]. The solid line corresponds to H = O.lkOe, Ha = 3kOe, the dashed 
line gives the results for H = O.lkOe, Ha = 0.09feOe. In the latter case the magnetization is rescaled by the factor 0.05 while 
the susceptibility is rescaled by the factor 0.1 

Thus in contrast to the claim of Ref. [1] the correctly defined magnetization does not manifest non-monotonic 
behaviour as a function of temperature. The magnetic susceptibility has a maximum for Ha < H { not seen in Fig.l 
)in the low temperature interval but for Ha > H it is a, monotonic function of T. 
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